In this paper we shall study the existence of the extremal solutions of a nonlinear boundary value problem of a second order differential equation with general Dirichlet/Neumann form boundary conditions. The right hand side of the differential equation is assumed to contain a deviating argument, and it is allowed to possess discontinuities in all the variables. The proof is based on a generalized iteration method.
INTRODUCTION
Let R denote the set of all real numbers and R+ the set of all nonnegative reals.
Given a real interval I = [t0, tl], o < tl, consider the differential equation with a deviating argument Lx(t) = f(t,z(t),z((t)) a.e. on I, ( A function x C(J) is said to be a lower solution of the BVP (1.1)-(1.2) if its first derivative exists and is absolutely continuous on I, and if Lx(t) < f(t, z(t), x((t)) a.e. on I, and Bjx(t) < aj(t), C I j, j = 0, 1.
Bjx(t) = ajx(t)-(-1)3bjx'(t) = aj(t)
(1. 3) x is called an upper solution of (1.1)-(1.2) if the reversed inequalities hold in (1.3). equalities hold in (1.3), we say that x is a solution of (1.1)-(1.2).
If
In the case when f is zero function, the problem (1.1)-(1.2) has a unique solution which we denote by z. In the special case when f is a function of alone, it can be shown that the problem (1.1)-(1.2) has at most one solution in the class AC(I). The existence of the solution is guaranteed by the above regularity and boundary conditions, and can be extended via boundary conditions to a unique solution of (1.1)-(1.2) in the sense defined above.
The existence and uniqueness of the solution to problem (1.1)-(1.2) is discussed in [1, 2] by using classical comparison and iteration methods, and assuming that f is a continuous function in all its three arguments. Recently, the existence of extremal solutions to the BVP (1.1)-(1.2) is studied in [3] in the special case without deviating arguments, but allowing discontinuous nonlinearity for f, by using a generalized iteration method. In the present paper we shall study the existence of the extremal solutions of the general problem (1.1)-(1.2) between given lower and upper solutions via a generalized iteration method developed in [3, 4] 
to This and (2.7) imply that Gx g Gy.
Since a, is by (fl) a lower solution of the BVP (1.1)-(1.2), it is also a lower solution of the BVP (2.2) with y = a. By using this, the maximum principle (cf. [5] ) and the definition of G, it can be shown that a g Ga. Similarly, since b, as an upper solution of (1.1)-(1.2), is also an upper solution of (2.2) with y b, it follows that Gb <_ b.
The proof of our main result will be based on the following lemma, which can be proved by a generalized iteration method (cf. [3, 4] .p{ If(t,,y)l I1 _< w(t), lyl _< w(,(t))} _< H(t,w(t),w((t))) <_ Lw(t) for a.a. t E I. (3.5) This implies that L(-w)(t) < f(t, -w(t), -w((t))) and f(t, w(t), w((t))) < Lw(t) a.e. on I. and nondecreasing, whence the spectral radius of Q can be given by r(Q) = lira (maxlQne(t)) = inf rata IQne(t)).
n.--*oo" E n N
In particular, r(Q) < 1 if and only if there exists n E N such that Qne(t) < 1 for each t E J. If z is any solution of the BVP (1.1)-(1.2), it follows from (f6) that is a lower solution (3.10) . This implies by the maximum principle (cf.
[5]) that r < w. Similarly, it can be shown that : > -w. Thus the extremal solutions of (1.1)-(1.2) in [-w, w] are the least and the greatest of all the solutions of (1.1)-(1.2). Condition (fl) holds, for instance if f coincides a.e. to a Borel measurable function in D = {(t,z,y) a(t) < z < b(t), a((t)) < y < b((t))}. Consider the boundary value problem x"(t) = f(t,x(t),x(t-1),x(t + 1)), a.e. on I, x(t) = 1, t [-2, 1] U [1,2], (4.2) where f(t,x,y,z) = Pl(t)gl(x) q-p2(t)g2(y) q-P3(t)g3(z), e I, x,y,z . (4.3) It is easy to show that the function f satisfies conditions (fl)-(f3). Moreover, If(t,z,y,z)l _< 1.48(1:1 + Ivl / Izl), a.e. on I. It can be shown (cf. [2] ) that r(Q)< 1. Thus f satisfies also the hypothesis (f6), whence the BVP (4.2) has by Proposition 3.2 and Remark 3.1 the least and the greatest solution, and that all the solutions of (4.2) belong to the order interval [-w, w] , where w is the solution of the BVP w"(t) = 1.48(w(t)+ w(t-1)+ w(t + 1)), t I, w(t) 1, t e [---2,--1]U[1,2],
